FOURIER-MUKAI TRANSFORM ON ABELIAN SURFACES 



KOTA YOSHIOKA 



0. Introduction 

Let (X, H) be a pair of an abelian surface X and an ample line bundle H on X. Let ( , ) be a bilinear 
form on H ev (X, Z) := 4 H 2i (X, Z) defined by 

(0.1) (x,y) := / (xi U j/i - x U y 2 - x 2 U y ) 

Jx 

where a; = (xo, xi, x 2 ), ?/ = (t/o ? 2/1 > 2/2 ) with G H 2l (X,Z). For an object i£ G D(X), we define the 

Mukai vector v(E) G H ev (X,Z) of £ as the Chern character of E. We also call an element v G H*(X, Z) 
Mukai vector, if u = u(-B) for an object £ G D(X). 

We denote the coarse moduli space of S'-equivalence classes of semi-stable sheaves E with v(E) — v by 
Mh(v) and the open subscheme consisting of stable sheaves by Mh{v). We also denote the moduli stack of 
semi-stable sheaves by Mh(v) ss . Let Y :— Mh(vo) be the moduli space of stable semi- homogeneous sheaves 
on X. Assume that Y is a fine moduli space, that is, there is a universal family E on Y x X. We define the 
integral functor &y^x as 

(0 2) D ^ ~* °W 

where px ■ X x Y — > X (resp. : X x V — > V) be the projection. Let D(X) op be the opposite category 
of D(X) and define the equivalence 

D: B(X) -» D(X) op 

x 1 — ► x v = RHom(i,O x )- 



(0.3) 



Definition 0.1. We call equivalences D(Y") — ► D(X) and D(Y") — > D(X) op the Fourier-Mukai transform. 

^y^x ■ H*(Y,Z,) — > H*(X, Z) denotes the cohomological transform induced by E. 

Theorem 0.1. Let 10 G H*{Y,1i) be a primitive Mukai vector with (w 2 ) > 0. Let if' oe an ample divisor 
on Y witch is general with respect to w. We set v = fyy^ x (w). We assume that H is general with respect 
to v. Then there is an autoequivalence $>x^x ■ — > D(JT) such that for a general E G Mh'{v), 
F := $x—>x ^y^x(E) * s a stable sheaf with v(F) — v or F w is a stable sheaf with v(F y ) = v. In 
particular, Mh>{w) is birationally equivalent to Mh(v). 

Since the moduli space of semi-stable sheaves is irreducible, the same assertion in Theorem 10.11 also holds 
for a general stable sheaf E with a non-primitive vector. This is a partial generalization of a result in 
|Y4| . which is conjectured in |Y2I Conj. 4.16]. If X is a K3 surface, then a similar result is conjectured 
by Tom Bridgeland. In particular, the idea of replacing ^ Y _ tX (E) by another Fourier-Mukai transform 
®x^x ®y^x( e ) 1S due to him. 

1. Preliminaries 

1.1. A family of 2-extensions. In this section, we recall or prepare some necessary results to prove 
Theorem 10.11 We start with a possibly well-known result on a family of 2-extensions. 

Definition 1.1. Let 

(1.1) V.: >V_i^V ^Vi^--. 

be a complex on X x T. V. is flat, if Vj are flat over T. 

We shall construct a family of 2-extensions: 

(1.2) A -> V Vi -> A x -> 0. 

Let Vq,Vi be Mukai vectors of coherent sheaves on X. Let Qi, i = 0, 1 be the open subscheme of the 
quot-scheme Q no ^Wi®Gx(—ni)/x P arame t r i zm g & U quotients Wi <£> Ox{— n-i) — * Ai with v(Ai) = vi such that 
Wi = H°(X,Ai(ni)) and H 3 (X, A,(nj)) = 0, j > 0. Let A4 be the universal quotient and Xi the universal 
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subsheaf. We take an integer m such that (i) WpQ 1 ^(I\{m)) — 0, j > 0, (ii) U := PQ 1 *()Ci(m)) is locally 
free and (iii) : p*Q i (U) — > Zi(m) is surjective. We set J7" := ker(-0 o )( — w). Let Qi — * be the principal 
GL-bundle associated to W. Then we have a trivialization Li = U ® O^. , where P is a vector space. Let Xi 
(resp. J, Ai) be the pull-back of Ii (resp. J", A) to Qo x Qi x X. Then we have exact sequences 

(1.3) 0^ J->tf®O gox5iXjc (-m)^Ji->0, 

(1.4) - J, - Wi ® QoX Q lxX (-nO - - 0. 

If m is sufficiently large, then Ext£ QoxQi (J", _4 ) = and E := Hom pQoxQi {J, Aq) is locally free. We have 
an exact sequence: 

(1.5) - Hom PQoxc3i (I u Ao) -+ Hom PQoxc3i (P ® 0oX Q lXjc (-m),io) - E - Ext^ A) - 0. 

Let 7r : P — > Qo x Qi be the associated vector bundle of E. Then we have a family of extensions 

(1.6) - (tt x l x )*(Ao) -^Vo^(irx l x )*(Ji) - 0. 
We set Vi := Wi ® Op x x(— n\). Then we have a family of complexes 

(1.7) V. : Vo -» Vi 

such that Vi are flat over P, iP(V.) are flat over P and £F(V.) X = (Aj) n ( x y 
Let 5j be a bounded set of coherent sheaves Ei on X with the Mukai vector v^. 

Proposition 1.1. Let V. be a T -flat family of complexes on X parametrized by T such that P l (V») are flat 
families of coherent sheaves belonging to Si. Then for any point t € T, there is a neighborhood T$ of t with 
the following prpperty: there is a quasi-isomorphism V', — > V. and a morphism f : T — ► P such that /*(V.) 
is quasi-isomorphic to V',. 

Proof. Construction of V', — > V.: Let V. := (V — > Vi) be a flat family of complexes on X x T such that 
P J (V») are flat over T. Let 2? be the kernel of Vi — > P^V.). For a sufficiently large n, R?pT*{B(n)) = 
P J PT*(Vi(n)) = P J pT*(P 1 (V.)(n)) = for j > and we have an exact and commutative diagram: 

► P* T (PT*(B(n))) > P* T (PT*(Vi(n))) > p* T {p T *{H\V.){n))) ► 

■4, 

(1.8) ► B(n) Vi(n) > ^(V.)(n) > 





By shrinking T if necessary, we may assume that there is a lifting ip : p^,(j>T*(H (V»)(n))) — > Vi(n) of i/ 7 - 
We set V( := p^(pT*(P 1 (V.)(n)))(— n) and set /Ci := ker(^)(— ra). Then we have a homomorphism JC\ — > ,8. 
Let Vq be a coherent sheaf fitting in the diagram 

► P°(V.) ► V > K x > 

(1-9) I | 

► P°(V.) > Vo ► B > 0. 

Then V', : V — > V{ is quasi-isomorphic to V. . We shall show that there is a local morphism / : T — > P with 
a quasi-isomorphism V^ — > (/ x lx)*(V») for a sufficiently large n. 

Construction of / : T — > P: We take a trivialization PT*(P l (V»)( n i)) — Wi ® Ot- Then we have a 
morphism h : T — > Q x Qi such that (/i x lx)*(A) = P*(V.) as quotients of Wi <g> 0txx(-«i)- If 
is sufficiently large, then Hom(V(,Wi ® 0txx(-1i)) — » Hom(V(, P : (V.)) is surjective. Hence there is a 
homomorphism V[ — ► Wi ® Otxx(-ii) and a commutative diagram 

► fci > V( ► ff^v.) ► o 

1 1 | 
> {hxl x )*{li) > W^Oxxxi-m) ► P!(V.) ► 0, 
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where T\ means the pull-back of I\ to Qo x Qi x X. By our choice of rii and n, we have 

Exti T (/C 1; i7°(V.)) = Ext^^HV.),^ ^.)) 

(1.11) 

Ext£ T ((/i x l x )*(^),^°(V.))^Ext^( J H' 1 (V.), J H" (V.)). 
Shrinking T if necessary, there is a coherent sheaf Vo on T x X fitting in the following diagram: 
> H°(V.) > V > /Ci ► 

(1.12) | 

► fl°(V.) ► Vo > (A x ► 0. 

Then by shrinking T, we have a morphism / : T — > P s with a commutative diagram: 

► H°(V.) > (/ x lx)*(V ) ► (/ x l x )*(li) 

(1.13) 

► H°(V.) > Vo ► (/ x l x )*(ii) > 0. 

Therefore (/ x lx)*(V.) = (Vo —>W\® Otxx{— "a)) is quasi-isomorphic to V'„. □ 

1.2. Albanese map. Let X be the dual abelian variety of X and P the Poincare line bundle on X x X. 
Let a : D(A) -> Pic(X) x Pic(X) be the morphism sending E to (det ~(£), dot (£■))■ For a family of 

coherent sheaves £ parametrized by a connected scheme T, we also have a morphism a : T — > X x X (up to 
translation) . 

We quote the following assertions from |Y21 Thm. 0.1, Lemma 4.3, Prop. 4.4]. 

Proposition 1.2. Let v be a Mukai vector. 

(i) Let £ be a family of coherent sheaves on X with v(£ q ) = v parametrized by a scheme Q. Assume 
that for any point (x,y) G X x X, T*(£ q ) ® P y = £ q > for a point q' G Q. Then dimo(Q) > 2 and 
dim a{Q) = 4 if (v 2 ) > 0. 

(ii) If v is a primitive Mukai vector with (v 2 ) > 0. Then a : Mh(v) — > X x X is the Albanese map. 

In the case where (v(E) 2 ) = 0, we use Lemma 4.3 in |Y2| and the fact that (j>L = if and only if c\{L) = 0. 

2. Proof of Theorem IU.1I 

2.1. Fourier-Mukai transform of a general stable sheaf. Let Y be a moduli space of stable semi- 
homogeneous sheaves on X. Assume that there is a universal family E on Y x X. Then we have a Fourier- 
Mukai transform $y_, x : D(F) — > T>(X). If dimEj, = 0, y £ Y, then 'I'y^x comes from an equivalence 
Coh(Y) — ► Goh(X). This case is easier to treat than other cases. In particular, the proof of Theorem lU.il is 
reduced to the case treated in 12. 31 Hence we assume that dimEj, > 1, y G Y. 

Theorem 2.1. Let w be a primitive Mukai vector such that (w 2 ) > 0. If $p^ x (_B) is not a sheaf up to 
shift for all E G Mh>(w), then there is an integer k such that for a general E G Mh'(vj), <&Y^ x (E)[k] fits 
in an exact triangle 

(2.1) A - t> Y ^ x (E)[k] - A 1 [-l] - A [l], 

where Ai,i = 0, 1 are semi-homogeneous sheaves of v{Ai) = n'^, (n' — l)(n' 1 — 1) — and (v'q^v^) = — 1. 
In particular $e induces a birational map Mh>(w) ■ ■ ■ — » M^(v), ifNS(X) = Z arirf u 7^ i(w — /or «^ 
isotropic vectors v' ,v[ with (v' ,v[) — —1, where v := ^ Y ^x( w )- 

Proof. Let Q(w) be the open subscheme of Qu.ot^ Y r n \ S N iy such that Mh'{w) is the geometric quotient of 
Q(w) by the action of PGL(N). Let £ be the universal family on Q(w) x Y. Then for a point q G Q(w), we 
have 

f£T°(*?-x(£ fl )) = 0, //(£ 9 ®E X )<0 
\# 2 ($^ x (£ g )) = 0, M (^®E ;c )>0, 

where a; G X. Hence $y^ x (£)[fc] is a family of complexes represented by 
(2.3) V. : Vo ->■ Vi, 

where k — 1 or k — 0. Assume that WIT does not hold for all £ q . Let Q(w)q be the open subscheme such 
that H l (V,) are flat over Q(w)q. Let S{ be the bounded set of coherent sheaves H l (V,) q , q G Q(w)q. We set 
Vi := v(H l (y t ) q ) and consider the family of complexes V. parametrized by P. Then for any point q G Q(w)o, 
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(2.2) 



there is a neighborhood Q q of q and a morphism f q : Q q —> P. We note that Q(w)q is GL (iV)-invariant. We 
set Mh(w)q := Q(w)o/GL(N). By shrinking Q(w)q to an open subscheme, we may assume that the Harder- 
Narasimhan nitrations C F/ C Ff C • • • C F* 4 = H z (V,) q , q G Q(w)o form a flat family of nitrations over 
Q(k;)o, that is, F? /F?~ form flat families of sheaves. We set := v(F- / F?~ ) and consider the locally 
closed subset Q^ of Qi such that 

the Harder-Narasimhan filtration of Ai is ) 
C Fl c Ff c • • • C = A, viFl/Fr 1 ) =vl) 
(cf. Remark 12. 1(1 . Then we have a morphism 



(2.4) Q' i = { WiaOxt-nO-Ai 



(2.5) 



^ XijMHW) - (AxA) s - 



By the proof of |Y2I Thm. 4.14], we get dimo^(Q^) > 2sj. Indeed if is sufficiently large, then we can show 
that the quotient stack [Q' i /GL(Wi)] is an affine bundle over FJ. M.h{vI) ss (see |Y3I sect. 2. 2, in particular 
Prop. 2.5]). Combining this with Proposition 11.21 we get dima-(Q9 > 2sj. We set P' := P Xm xQi) 
(Q'o x Qi). Then the image of f q : Q q -» P is contained in P' . Let b : P' -> Q' x Qi -> (X x X) s °+ Sl 
be the morphism defined by composing 7r with a x ai- Then dimimb > 4 and if the equality holds, then 
so = Si = 1 and (vq) = (v 2 ) = 0. Thus Q\ are open subset of Qi and Ai are families of semi-homogeneous 
sheaves. 

Let P s be the open subset of P' such that < i ) x- > y(^'»)[2 — fc] is a family of stable sheaves. Then we have 
a morphism g : P s — > Mh(w). Obviously 5 o / g : Q g — > Mh{w) is the restriction of the quotient map 07. 
Combining with b, we have a morphism Q q — > P s — > (X x X) So+Sl . This is the morphism determined by 

(2.6) QHo 3 (a (if°(^ x (^)[fc])),oi(i? 1 (^ x (^)[fc]))) G (X x A> x (X x AT 1 . 

Hence we have a morphism c : Mh(v)q ->(Ix A) So+Sl such that cog = b. Since (X x X) So+Sl is an abelian 
variety and Mh(w) is smooth, c extends to a morphism Mjj(v) (X x X) Sa+Sl . We also denote it by c. 

On the other hand, a : Mu(v) — > Y x Y is the Albanese map of Mh(v). Hence there is a morphism 
a : Y x y — > (X x X) Sa+Sl with aoa = c and we have the following commutative diagram: 
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"1 



b 



y x y — ^— > (x x x) s °+ si 

Hence dim im b < 4, which implies that W : ($?L x (£)[fc]), j = 0, 1 are families of semi-homogeneous sheaves. 
We set := n-i;-, where u- are primitive. Then (v 2 ) — ((v — vi) 2 ) = — 2n' n' 1 {v' , v[). Hence (v ,^i) < 0. 
For a point q G Q(w)q, V, : Vo — * V\ denotes (V,) q . We set A{ := H l (V,). Then A{ are semi-homogeneous 
sheaves with v(Ai) = v^. Since Hom D (x)(V., V.) — C, V, is not quasi-isomorphic to A @ Ai[i\. Hence 
Hom D (x)(Ai[-l],4)[l]) # 0. Then Ext 2 (A 1;J 4 ) - Hom D(x) (A 1 [-l], A [l}) ± and Ext^A)) = 
Hom(Ai,v4 ) = (sec (I3.8|l and Remark IO in Appendix). By Proposition Ext 1 ((Ai) qi , {A Q ) qo ) = 0, 
i for all (go, <7i) G Q x Qi and Ext 2 , , (_4i, -4o) is a locally free sheaf on Q' x Qi and all 2-extensions 

are parametrized by the associated vector bundle P — > Q x Qi , where we also denote the pull-backs of Ai 
to Q x Qi x X by the same Ai- P is a quotient bundle of P. We denote the image of P s to P by P . 

Then we have a morphism g : P 8 — > Mh{v) such that <? is the composite P s — > P s Mh(v). Since A are 
GL(Wi)-equivariant, G := (GL(Wo) x GL(Wi))/C x acts on P. By Lemma IO in Appendix, G acts freely 
on P s and the fiber of g is the G-orbit. By Corollary 13. 61 dimQ,- - dim GL(Wi) = dim A4_f/(n-w-) ss = n-, 
and hence 

(2.7) 

Then we get 
(2.8) 



dim g(P S ) = dimExt 2 (Ai, A ) 



= -n' n' 1 (v' ,v' 1 )+n' + n' 1 + l. 
dimM H (v) - d\mg(P s ) = - 2n' Q n' 1 (v' Q ,v' 1 ) + 2 - (-n n'i (v' , v[ > + ra 



=n ni(-<T, ,«i)-l) + K-l)(ni-l), 

which implies that (v' , v[) — —1 and (n' — l){n[ — 1) = 0. The last claim follows from |Y2I Cor. 4.15]. □ 

Remark 2.1. We note that g extends to a morphism from an open subset of P. Hence even if we do not 
know dim Alb(M^/ (w)), the closure of Q\ should be a union of irreducible components of Qi. 
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Remark 2.2. In the proof of Lemma [2.21 below, we shall see that Mjj(v) is birationally equivalent to Z x 
Hilb^ ^ 2 for an abelian surface Z. 

2.2. Reduction to the case where V, is a sheaf up to shift. If rk^o = rkAi = 0, then ci(Ao) 
and ci(Ai) are effective, and hence (v(A ),v(Ai)) = (ci{A ),ci(Ai)) > 0. This is a contradiction. Since 
Hom(A , Ai) = Ext 2 (^i,A ) v ^ 0, we see that Ag is locally free. We first show the following: 

Lemma 2.2. Keep notations as above. There is a Fourier-Mukai functor T : D(X) — > D(A) op such that 
T(v) — v and one of the following three conditions holds 

(1) rk(F°(^(y.))) + rkH 1 (F(V.))) < rkH°(V.) + i-kH 1 (V m ), or 

(2) degH^FiV.)) < degH^V.) ifrkH^V.) = 0, or 

(3) H l {T{V,)) = ifH x {V.) is of 0- dimensional. 

Proof, (i) We first assume that n\ — 1. Since (v' , v[) — —1, X :— Mh(v' q ) is a fine moduli space. Let F be 
the universal family of stable semi- homogeneous sheaves on Xq x X. Applying ^^_, Xo ^° * ne exac t triangle 

(2.9) A ^V. -» Ai[-1] -» A [l], 
we get an exact triangle 

(2.10) *£U,(Ao) - <_x (K) - <^ (^i)[-l] - <Cx (A))[l]. 

By Proposition 13.11 L := 3>x->jfo ) is a nne bundle on X . We note that G := $ x ^ Xo (Aq)[2] is a 
0-dimensional sheaf of length n' on Xq. Hence (|2.10|) is 

(2.11) G[-lHCx,(V.)[lH^G. 

We can choose a general point g S Q(u>)o such that / is surjective. Then G = Oz <8> L for a 0-dimensional 
subscheme Z of n -points and we get an exact sequence 

(2.12) -> ff'C^Xol^.)) -» £ ^ ® L -> 0. 
Thus (^«) = ® £[— 1]. By taking the dual, we have an exact triangle 

(2.13) O z ^L^(I z ®L) v ^O y z [l). 

We note that O z — £xt% Xo (Oz, Xa )[— 2] = (9z[— 2], if Z consists of disjoint n^-points. We fix a line bundle 
Lq on Xo with c\{Lq) = C\(L). For 12.13|l . by taking a tensor product ®L® 2 and applying § Xq ^ x , we S e t 
an exact triangle 

(2.14) ^xilz ® (L v ® L? a ))[l] - - Si - *^ ^x(^ ® ® L $ 2 Wl 

where A ^ i/ 2 ($^ ^ x (O^«)(L v (g)L® 2 ))) and B x := H 2 {<S> Xo ^ x (L y ®L® 2 )) is a stable semi-homogeneous 
sheaf with v(B\) — v(Ai). We set A' := kere' and A[ := cokere'. By shrinking Q(w)q, we may assume that 
A\ form flat families over Q(w)o- Since Aq — > B\ is not trivial, we get the assertions. 

(ii) We next assume that n' = 1. In this case, we consider the Fourier-Mukai transform $ x ^ x '■ D(A) — > 
D(Jfi), where := Mh(v[) and F is the universal family on Ii x X. Then we have an exact triangle 

(2.15) L - <C Xl (V;)[2] -> $£^(^[1]) - L[l] 

where L :— ^ x ^ Xl (A )[2] is a line bundle on X . For a general q E Q(w)o, we may assume that 
®xUxx(Ai) = O z [2] for a subscheme of distinct n'j-points Z on Xi. Then (O z [2]) v = Oz- Hence by 
taking the dual of H2.15fl . we get an exact triangle 

(2.16) L^O z ^ <f%^ Xl (V.y[-l] - L v [l]. 

We fix a line bundle L\ on Xt with Ci(Zi) = c\(L). Since Bo := ^x— >x (-^ V ® -^f 2 ) is a stable semi- 
homogeneous vector bundle with the Mukai vector v\ and Q x ^ Xi (Oz) = A\, we have an exact triangle 

(2.17) Bo - A x - $^ Xl ($^ Xl (K) v ® Lf 2 )hl] - B [l], 

which implies that the assertions holds. □ 

Applying Lemma [2.21 successively, we get a Fourier-Mukai functor T : D(X) — > D(JT) or J 7 : D(JT) — > 
D(A) op such that .F(Vi) is a sheaf with w(.F(Vi)) = v. 
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2.3. Proof of Theorem 10.11 (the case where $y^ x (B) is a sheaf). Replacing V, by T(V,) : we may 

assume that WIT\. holds for a general £ q . Assume that V := H*($y-->x{£q)) is not stable. By |Y2I Thm. 
4.14], V fits in an exact sequence 

(2.18) -> A -> V -> Ai 0, 

where Ai are semi-homogeneous sheaves with the Mukai vector n-v-, («o> u i) = 1 an d ( n o — l)( n 'i — 1) = 0. 
We may assume that Aj are direct sum of distinct stable sheaves Ay 6 Mjj(u-), j = 1, 2, . . . , n-. By using 
the following lemma, we shall replace the extension l|2.18|l by an extension in another direction. 

Lemma 2.3. Let V fits in an exact sequence 

(2.19) 0^A ^y^Ai^0, 

with Ai = (BjAij, Aij £ Mh(v[), j = 1, 2, . . . , n\ and (v' , i>i) = 1- Then there is a Fourier-Mukai transform 
J- : D(X) — » T)(X) op such that J-(V) fits in an exact sequence 

(2.20) -> Si -> jF(y) -> B -> 0, 
w/iere B l = ©^By, By £ Mff(t>{), j = 1, 2, . . . , <. 

Proof. By the symmetry of the condition, we may assume that rij = 1. We set Xq := Mh(v'q) and F the 
universal family on Xq x X. Since x(Ai, Aq) < 0, ITi holds for A\ and L :— H 1 (^ x ^ x (Ai)) is a line bundle 

on X . We fix a line bundle L with ci(L ) = c x {L). Then we see that V := ®x ->x (^x^XoW ® L f 2 ) 
is a sheaf and fits in an exact sequence 

(2.21) -> Bi -> V' -> A -» 0, 

where Bi := $x ^x( LV ® L o 2 )W 6 Mh^x). We set B := A . Then the claim holds. □ 

We shall show that the instability is improved, under the operation T in Lemma \l. 31 We only treat the 
case where xW > 0. The other cases are similar. For the exact sequence ()2.18f) . by using Lemma [2.31 
we replace V by J-{V). Since (|2.18|) is the Harder-Narasimhan filtration, A\ and hence B\ is locally free. 
Assume that V := T(V) is not stable for all point q € Q(w). Then a general V fits in an exact sequence 

(2.22) -► A' -> V A[ -> 0, 

where (1) A^ = ©jAy, i = 0, 1 are direct sum of distinct stable semi-homogeneous sheaves A^ with v{A' i -) = 
v(A' ik ) for all j,k, and (2) A is a torsion sheaf, or V' is torsion free and C A' C V' is the Harder- 
Narasimhan filtration of V'. 

We shall divide the proof into three cases 

(a) V is not torsion free. 

(b) V is torsion free but not /j,-semi-stablc. 

(c) V is /i-semi-stable, but not stable. 

(a) Assume that V has a torsion. Then Ao is the torsion submodule of V. Since V is simple, we see 
that degAo > 0. We show that the degree of the torsion submodule of V' is strictly smaller than that of 
V, that is, degA < degAo, if V has a torsion. Assume that V' has a torsion. Then A' Q is the torsion 
submodule of V'. Since Bi is locally free, ip : A' Q — > Bo is injective. If degA = degBo, then ip is surjective 
in codimension 1. By using the locally freeness of Bi, we see that V = B\ © Bo, which is a contradiction. 
Thus deg(A ) < degB . 

(b) Assume that V is torsion free, but not /i,-semi-stable. Then Bo is also locally free. If n{A' Q ) > /i(V'), 
then A — > Bo is not zero, which implies that m(A ) < fi(Bo). If /J.(A ) = /it (Bo), then we also see that 
A — > Bo is injective, n' Q = 1 and A is a direct summand of V'. Therefore (J>(A ) < /x(Bq) = ^(Aq). We can 
also see that Li(A[) > fi(Ai). Indeed since /x(A ) > fi(V') > n{B\), A[ — * Bi is not zero. Then we have a 
non-trivial homomorphism A^ — > B\ for a j and we see that ^{A!^) — /i(Ay) > /i(Ai). 

(c) If V is ^-semi-stable, i.e., /i(Ao) = /i(Ai), then by the same argument, we see that %(A )/ rkA < 
x(A )/rkA and x(A^)/rkAi > x(Ai)/rkAi. Therefore by applying Lemma 1231 successively, we get a 
stable sheaf. Thus we complete the proof of Theorem l0.ll □ 

2.4. In the case where Y is not fine. In the notation in section 12.11 even if Y is not fine, there is 
a universal family as a py (a _1 )-twisted sheaf for a suitable Cech 2-cocycle a of 0\. Then we have an 
equivalence 

(2.23) 9%^ x : D a (7) -> D(X), 

where D Q (Y") := D(Coh Q (A)) is the bounded derived category of coherent a-twisted sheaves. Let M^,(w) be 
the moduli space of stable a-twisted stable sheaves E with v(E) = w. If dim Alb My(ui) = 4, then Theorem 
IU.1I also holds for this case. By a similar method as in | Y5| . we can show that dim Alb(Af^, (w)) — 4, if 
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(3.1) 



(w 2 ) > (cf. 13.41 in Appendix). Here we treat one example by another argument based on |Y4j . In the 
same way as in |Y4I Prop. 3.14], we see that for a stable a-twisted sheaf E of rank 0, ^-_> x (E(nH')) is 
stable for n 3> 0. In particular, we have an isomorphism M^,(we nH ) = Mjj(v'), where v(E) = w and 
v (^Y-^x(E( n H'))) = v' . In particular A\b(M^,(w)) = X x X. Then by the same proof as in Theorem 
IU.1I we see that Mg,(w) is birationally equivalent to Mh(v). Since the support map Mfj,(w) — > Hilby 
(E i— ► T)iv(E)) is a Lagrangian fibration, we get the following: 

Proposition 2.4. Assume that there is an primitive isotropic vector vq such that vq is algebraic and (v, vq) = 
0. Then Mh(v) is birationally equivalent to a holomorphic symplectic manifold with a Lagrangian fibration. 

Corollary 2.5. The Albanese fiber Kh{v) is birationally equivalent to an irreducible symplectic manifold 
with a Lagrangian fibration if and only if Pic(f\# (v)) has an isotropic element with respect to the Beauville 
form. 

For related results on Lagrangian fibrations on irreducible symplectic manifolds, see [H],[M],|H] an d ref- 
erences therein. 

3. Appendix 

3.1. Semi-homogeneous sheaves. The following assertions are well-known (cf. |Mul| . [U]). 

Proposition 3.1. Let E and F be semi-homogeneous sheaves. 

(i) Assume that E and F are locally free sheaves. 

(a) If (v(E),v(F)) > 0, then Hom(£, F) = Ext 2 (E, F) = 0. 

(b) If (v(E),v(F)) < 0, then (i(E) ^ n(F), Ext\E, F) = and 

(~Kom(E, F) = 0, n(E) > /Lt(F) 
|Ext 2 (£:, F) = 0, (i(F) > n(E). 

(ii) Assume that E is locally free and F is a torsion sheaf. 

(a) // (v(E), v(F)) > 0, then Hom(£, F) = Ext 2 (E, F) = 0. 

(b) If (v(E),v{F)) <0, then Ext\E,F) = Ext 2 (E,F) = 0. 

(iii) Assume that E and F are torsion sheaves. Then (v(E),v(F)) > 0. If (v(E),v(F)) > 0, then 
Rom(E, F) = Ext 2 (E, F) = 0. 

This is equivalent to the fact that the Fourier-Mukai transform of a semi-homogeneous sheaf is a sheaf up 
to shift. 

Proof. We only prove (i) . Indeed the proof of (ii) and (iii) are reduced to (i) via a suitable Fourier-Mukai 
transform. We note that E v ®F is semi-homogeneous. There is a filtration c F\ C F2 C • ■ ■ C F s — E v (&F 
such that E.- L — F{ /Ff—i , 1 < i < s are simple semi-homogeneous vector bundles with c\ (Ei)j rk Ei — c\ (E w (g> 
F)/(rkErkF) = Cl (F) / rk F - Cl {E) / rk E . Since xiE^/rkE, = (c^Ef) / rkE,) 2 /2 = X {E, F)/ rkE rkF, it 
is sufficient to prove the claim for E = Ox and F is a simple semi-homogeneous vector bundle. Then there 
is an isogeny n : Y — > X and a line bundle L on Y such that 7r*(L) = F. Hence Ext z (E, F) = H l (X, F) = 
iP(F,£). In particular, x(E,F) = X (L) = ( Cl (L) 2 )/2. If x(L) < 0, then H i (Y, L) = for i ^ 1. Thus (a) 
holds. Assume that X {L) > 0. Since tt»(ci(X)) = ci(F), (c x {L),-k*(H)) = (c x {F),H). If n(F) = 0, then the 
Hodge index theorem implies that (c\(L) 2 ) < 0, which is a contradiction. Therefore n(F) ^ = n(E). The 
other claims also follow from (ci(L),tt* (H)) = (ci(F), H). □ 

3.2. 2-extensions. We collect some elementary facts on 2-extensions. We have a natural map 

(3.2) E : Ext 2 (^i,A ) -> 06(D(X))/(quasi-isom.) 
by sending a 2-extension class 

(3.3) -> A) -► V -»• Vi -► Ai -*■ 

to the complex V, : Vo — > V\. We want to study the fiber of S. We take a resolution 

(3.4) -> E-2 -> E-i -> S -> A a -> 

such that if J (X, E)[ ® A ) = for i = 0, - 1 , j > 0. Then we also have if J (X, i;X 2 <8> A ) = for j > 0. Hence 
Ext 2 (Ai, Aq) = Hom(f?_ 2 , A )/ im(Hom(f?_i, ^4 )) and for a representative ip S Hom(f?_ 2 , Aq), H([ip]) is the 
cone T4 defined by 

(3.5) <^:S.[-2]^A . 

For two exact triangles, 

(3.6) 4>-»V?-»4i[-l]-4)[l], *=1,2, 
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we have an exact and commutative diagram: 













(3.7) 







Hom D(X )(Ai[-l],A ) 



HomDp^hl],^ 2 ) 



Hom(Ai[-l],Ai[-l]) 



Hom D(x) (V; 1 ,Ao) 
Hom Dm (^,V. 2 ) 
nom D(x) (V.\Ax[-l}) 



Hom(A ,A ) 
Hom DW (A , V. 2 ) 
Hom D(x) (A ,Ax[-l]) = 0. 



Hence we have an exact sequence 

(3.8) 0^Hom D(JC) (Ai[-l],A ) Hom D( x)(^,^) A Hom(A , A ) ® Hom(Ax[-l], Ax[-1]). 

We take a quasi-isomorphism (V, 1 )' -> V, 1 such that Ext^Vi 1 )', V?) = Ext j ((V^)', A o) = for j > 0, i 
0, 1 and (V*)' — for i ^ 0, 1. Then Homrj^^V. 1 , V. 2 ) is the cohomology group of the complex 

(3.9) Hom((F 1 1 )', V 2 ) -» Hom((Vtf)', V 2 ) © Hom^ 1 )', V x 2 ) -» Hom^ 1 )', V x 2 ). 
Then ip G Honing) (V. 1 , V # 2 ) induces an exact and commutative diagram: 

► Ao ► (Vq 1 )' "' 

(3.10) Vo 



V 1 



A x 



-> 



An 



- V 2 



A x 







Conversely this diagram gives an element (f> £ Hom D ( X ) (V. 1 , V. 2 ). For 



(3.11) 



G Hom D(x) (Ax [-1],A ) = Hom(im<£', A )/ Hom((F 1 1 )', A ), 



i(ip) is represented by (<p o 0', 0) £ Hom((V 1 )', V 2 ) Hom((t/ 1 1 )', if) 
We have an action of Aut(A ) X Aut(A x ) on Ext 2 (Ai, A ): 



(3.12) 



(g ,gx): Ext 2 (A 1; A ) 



Ext 2 (Ai, A 



e g Q \Je\Jg 1 . 

It is easy to see that the following lemma holds. 
Lemma 3.2. 

S- 1 (S(e)) = (Aut(A )xAut(A 1 ))e ! 
r(Aut D(x) (V.)) = {(50, gx)\go UeU.gf 1 = e} 



(3.13) 



fore £ Ext 2 (Ai, Ao) with V, = 3(e). In particular, GL(Wo) x GL(Wi) /<C X acts freely on the open subscheme 
of P parametrizing simple complexes V m , where P is the scheme in the proof of Theorem \2.1\ 

Remark 3.1. Hom(Ai, Ao) = HorriD(x)(V., V,[— 1]). If V, is the Fourier-Mukai transform of a sheaf E, then 
it is 0. 

3.2.1. Some remarks on the endomorphisms of complexes. We shall show that for a complex V. as in section 
Q Homrj(x)(^», Vm) is represented by a morphism V. — > V. up to homotopy. 

Lemma 3.3. Let V m : Vq — » V\ be a complex. Let VI : ■ ■ ■ — > VI x ~~ * — ► Vx — * 6e a complex and 
f '■ Vl —> Vm a quasi-isomorphism. Then HomK(jf)(V,, V,) —> HomK(x) {V,, Vm) is injective, where K(X) is 
the homotopy category of complexes. In particular, HomKpn(Vi, Vm) — > Hom D (j()(V. , V m ) is injective. 



Proof. Let W m be the cone of / : Vi — ► Vm ■ We have an exact sequence 
it is easy to see Hom K (jc)(W /r » J V,) = 0. So the claim follows. 



Vq -> V © Vi' -> Vx -> 0. Then 



□ 



Lemma 3.4. Let V. : Vo — > Vi &e a complex. We set A4 := iP(V.). Assume that Hom(Vi,Vi) 
Hom(Vi,Ax) and Ext^Vx, A ) = 0. T/ien Hom D(x) (V., V.) = Hom K (x)(V r . J V.). 



Proof. We take a quasi-isomorphism / : V.' -> V. such that iT(V.') = 0, i ^ 0, 1, Erf(Vi', Vi) = Ext J (V{, A ) = 
for j > and V/ — > Vi is surjective. Then Hom K (jc)(V # ', V.) — Homr>(x) (V», V,). We note that there is an 
exact and commutative diagram: 

> ker/o ► ker/i ► 



An 



(3.14) 



H°(f) 



A 



fo 



Vo 



V{ 



Vi 



At 



At 









It is sufficient to show the surjectivity of Hom K( x) (V,, V,) — > HoniK(x)(K')^»)- Let : V.' — > V, be a 
morphism. Since / is a quasi- isomorphsm, we have a morphism a : A\ — > Ai such that a o H l (f) = H 1 (</>). 
By our assumption, there is a morphism g> : V\ — ► Vi with a commutative diagram 

7i ► A 1 



(3.15) 



Since Ext 1 (V 1 ', Aq) = and the image of . 



Vi 



1" 

Ai 



ii - jo /x is contained in <i(Vo)> w ^ have a morphism A : V{ — > Vq 
such that da \ = <pi— go fo. Replacing 0i by 0i — do\ and 0o by 4>o — A o d' , we may assume that 4>\ = go fi. 
By the above diagram, we have do o (ker/o) = 0, which implies that </>o|kcr/ ^ Hom(ker /o, Aq). Since 
Ext (Vi, Ao) = 0, there is a A' : V{ — » A such that ((/> — A')| ker/ = 0- So replacing (f> by </>n — A', we have 
a morphism <p' Q : Vo —* Vo with cf>o = (f> o / . Thus (0 O , g) gives a desired morphism V. — > V. . □ 

Remark 3.2. For a complex V,, we can find a quasi-isomorphism V, —> V m as in section ^ such that T4 
satisfies the assumptions of this lemma. 

Remark 3.3. By our assumption, we see that Hom(Vi, d(Vo)) = 0. Then the kernel of r in 13.8fl consists of 
(4>'oi9) such that 5 = and (j)' comes from a morphism d(Vo) — > Ai. Thus 

(3.16) kerr = Hom(d(Vo),Ao)/Hom(Vl,A ) =Hom D(x) (A 1 [-l],A ). 

This is compatible with l|3.8[) . 

3.3. Twisted sheaves. Let X = UiUi be an analytic open covering of X and a = {ceijk} a Cech 2-cocycle 
of O x representing a torsion element [a] G H 2 (X 7 O x ). Let MJj{v) ss be the moduli stack of semi-stable 
a- twisted sheaves of Mukai vector v. 

Lemma 3.5. We set v := (0,0, n). Then dimMfj{v) ss = n. 

Proof. We fix an a-twsited vector bundle G of rank r on A. Let E be a 0-dimensional a- twisted sheaf of 
length n. Then Hom(G, E) <g>G — > .E is surjective. We set Q := Quotg©™ /x- Then .M^v)^ is the quotient 
stack of Q by the natural action of GL(rn): A4ft(v) ss = \Q / GL(rn)\. We claim that dimQ = (r 2 n + l)n. 
Then dimA^^(f) ss = dimQ — dim GL(rn) = (r 2 n + l)n — (rn) 2 = n and we get our lemma. So we shall 
prove the claim. We have a natural morphism (j> : Q —> M H {v). Since Mj|(0, 0, 1) = X , there is a bijective 
morphism ip : S n X — > M^-(u). In order to prove the claim, it is sufficient to show dim0 _1 (T/>(5^ =1 njPj)) 



Ei(' 



1), where Pi,...,P s are distinct points of X. We set Z := SpecC[[x, y]]. Since the punctual 



quot-scheme Quot™ ffl i, is of dimension Im — 1 (cf. |Ylj or |N-Y1 Cor. 3.7]), we get our claim. 



□ 



Corollary 3.6. Let vq be a primitive Mukai vector with (v^) = and rkw > 0. Then dim.Mjy (nwo) ss = n. 

Proof. For a sufficiently large m, every semi-stable sheaf F with v(F) = uvq is a quotient of Hom(0^ (~ m ); F)i 
O x {-m): 



(3.17) 



-»• kcrV-> HomfOxC-m),^) ® O x (-m) ^ F 



0. 



We set y := Mff(uo). Let E be the universal family on X x F as apy(a)-twisted sheaf, where a is a suitable 
Oy coefficient 2-cocycle and py is the projection. Since m > 0, we have an exact sequence 

E 



(3.18) -> $£^ r (kerV>)[2] — > Hom(G, E) ® G ^ E —> 0, 

where G := $|^ y (O x (-™))[2] and E := $ X _> Y ( F )[ 2 ]- Hence 

we have an isomorphism M. H (nvo) 
[Q/GL(rn)], where r — rkG and Q is the scheme in Lemma 13.51 Therefore we get our claim. 

9 



□ 



3.4. Weight 1 Hodge structure. Let a be a Cech 2-cocycle of O^- representing a r-torsion element of 
H 2 (X,Ox)- We have a homomorphism 

(3.19) H 2 (X,Z/rZ) ^ H 2 {X,Ox) 

whose image is the set of r-torsion elements. We take a representative £ G H 2 (X,Z) such that [£ mod r] G 
H 2 (X,Z/rZ) maps to [a]. 

Definition 3.1. We define a weight 1 Hodge structure on H odd (X,Z) as 

H l '°{H*{X, Z) ® C) :=e^ r (H l '°(X) © H 2 ' 1 ^)) 

^ 3 ' 2 °' ) H°^(H*(X, Z) ® C) ^e^tf ' 1 ^) © ff 1,2 (X)). 

We denote this Hodge structure by (H odd (X, Z), -|). 

Let v be a primitive Mukai vector with (u 2 ) > 0. Then by a similar argument as in |Y5| . we have an 
isomorphism H odd (X,Z) = H 1 (M^ [ (v),Z) preserving the Hodge structure. Indeed, we use the surjectivity 
of the period map (the period map is a double covering). In particular, we get dim Alb(A/JJ(t;)) = 4. 

Acknowledgement. This note is motivated by a discussion with Tom Bridgeland on his conjecture. I would 
like to thank him very much. 
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